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On barycenters of probability measures
Sergey Berezin Azat Miftakhov
Abstract
A characterization of the barycenters of Radon probability measures supported on a closed
convex subset of a given space is presented. The case of particular interest is studied, in which
the underlying space is itself a space of finite signed Radon measures on a metric compact,
and the corresponding support is the convex set of probability measures. For locally compact
spaces, a simple characterization in terms of the relative interior is found.
1. The main goal of the present note is to characterize the barycenters of Radon probability
measures supported on a closed convex set. Let X be a Fre´chet space. Without loss of generality,
the topology on X is generated by the transition-invariant metric on X (for details see [3]):
ρ(x, y) =
∞∑
n=1
1
2n
·
pn(x− y)
1 + pn(x− y)
, (1)
where {pn}
∞
n=1 is a system of seminorms. Convergence in this metric is equivalent to the convergence
with respect to all of the seminorms.
We denote the set of Radon probability measures on X by P(X). The barycenter a ∈ X of the
measure µ ∈ P(X) is, by definition,
a =
∫
X
xµ(dx), (2)
if the latter integral exists in the weak sense, that is, for every Λ ∈ X∗, where X∗ is the topological
dual of X , the following holds
Λa =
∫
X
Λxµ(dx). (3)
More details on the weak integral can be found in [3, Chapter 3].
Note that if (2) exists then
a =
∫
suppµ
xµ(dx), (4)
and, by Hahn–Banach theorem, a ∈ co(supp µ), where co(·) is the convex hull.
Following is the theorem that gives a characterization of the barycenters of measures from P(X).
Theorem 1. Let M ⊂ X be a non-empty closed convex set which is separable, that is, there exist
a set M0 = {xn}
∞
n=1 such that M0 = M . Moreover, let a ∈ M be some point. Then, the following
statements are equivalent:
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1) There exist a Radon probability measure, µ ∈ P(X) with suppµ = M such that a is its
barycenter;
2) The equality holds
M = Va, (5)
where Va = {x ∈M | ∃α > 0 : −αx+ (1 + α)a ∈ M}.
Remark 1. It is important to note that condition (5) is non-local and is imposed on the whole
space M .
Remark 2. Instead of assuming existence of a dense set in M , one can assume existence of at least
one Radon probability measure with support M (see [2, Lemma 2, p. 134]).
Proof. a) First, we prove that 1) ⇒ 2). Since M is the support of µ, for every c ∈ M one
has µ(Uδ(c)) > 0, where Uδ(c) = {x ∈ X| ρ(x, c) < δ} is an open ball of radius δ > 0. The
quantity
cδ =
1
µ(Uδ(c))
∫
Uδ(c)
xµ(dx) (6)
is well-defined, and it is easy to show that
lim
δ→+0
cδ = c. (7)
Indeed, for each seminorm pn ∈ X
∗ by definition of the weak integral we have
pn(cδ − c) =
1
µ(Uδ(c))
∫
Uδ(c)
pn(x− c)µ(dx) ≤
2nδ
1− 2nδ
→
δ→+0
0, (8)
and the latter inequality easily follows from
pn(x− c)
2n(1 + pn(x− c))
≤ ρ(x, c) < δ, 0 < δ < δ0, (9)
where δ0 > 0 is small enough.
There are two further possibilities, either µ(Uδ(c)) = 1 or 0 < µ(Uδ(c)) < 1. If µ(Uδ(c)) = 1
then
cδ = a ∈ Va, (10)
and thus c = lim
δ→+0
cδ = a ∈ Va.
If 0 < µ(Uδ(c)) < 1, let us also introduce c˜δ by
c˜δ =
1
µ(X \ Uδ(c))
∫
X\Uδ(c)
xµ(dx) ∈M. (11)
Clearly, αcδ + (1 − α)c˜δ ∈ M , α ∈ [0, 1], by convexity. Moreover, a = µ(Uδ(c))cδ + (1 −
µ(Uδ(c)))c˜δ. Therefore, by a simple geometric argument and by definition of Va, it is clear
that cδ ∈ Va. Passing to the limit δ → +0 yields
c = lim
δ→+0
cδ ∈ Va. (12)
This concludes the proof of the claim.
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b) Now, we prove that 2)⇒ 1) by constructing a Radon probability measure µ with support M ,
such that its barycenter is a. Note that since Va = M = M0, without loss of generality,
one can think that {xn}
∞
n=1 ⊂ Va and {xn}
∞
n=1 = M . By definition of Va we get that there
exist {αn}
∞
n=1 such that αn > 0 and −αnxn + (1 + αn)a ∈ M .
Let us define the discrete measure
µ =
∞∑
k=1
1
2n
·
αnδxn + δ−αnxn+(1+αn)a
1 + αn
, (13)
where δx is a delta-measure at x. Clearly, this is a Radon probability measure, and a simple
computation shows that its barycenter is a. Indeed, for every Λ ∈ X∗ one has∫
X
Λxµ(dx) =
∞∑
k=1
1
2n
·
αnΛxn + (−αnΛxn + (1 + αn)Λa)
1 + αn
= Λa. (14)
It is left to prove that suppµ = M . First, we note that {xn}
∞
n=1 ⊂ supp µ. Hence, M =
{xn}∞n=1 ⊂ supp µ, and therefore M ⊂ supp µ. By definition (13) one also has supp µ ⊂ M ,
which concludes the proof of the claim and of the theorem.
It is well-known that any locally compact topological vector space is finite dimensional (e.g.,
see [3]), in which case the following corollary takes place.
Corollary 1. If X is a locally compact space, then the set of barycenters of Borel probability
measures with support M , where M is a non-empty closed convex set, coincides with the relative
interior of M .
Proof. We note that in finite dimensional spaces any probability Borel measure is Radon. Let us
recall that the relative interior of M is the set
relint(M) = {x ∈M | ∃U(x) : U(x) ∩ aff(M) ⊂M}, (15)
where U(x) is an open neighborhood of x, and aff(M) is the affine hull of M . Also, recall that the
relative algebraic interior of M is the set
core(M) = {x ∈M | ∀y ∈ aff(M) ∃α > 0 : [x,−αy + (1 + α)x] ⊂M}. (16)
It is known (see [4]) that in the finite dimensional spaces the relative and relative algebraic
interiors of M coincide and are non-empty.
Now, let a ∈ relint(M) = core(M) be any point. By definition of the relative algebraic interior,
for every y ∈M ⊂ aff(M), the interval [y, a] can be prolonged beyond the point a within M . This
means that y ∈ Va, and thus M ⊂ Va. Hence, by Theorem 1, there exist a Radon probability
measure, µ ∈ P(X) such that supp µ =M , and its barycenter is a.
It is left to prove that if for some a ∈ M one has Va = M , then a ∈ relint(M). Notice that Va
is a non-empty convex set. Since we deal with the finite dimensional space, Va has a non-empty
relative interior, and relint(Va) = relint(Va) = relint(M). Let x belong to relint(Va) ⊂ Va. By
definition of Va, the interval [x, a] can be continued beyond the point a within M . Therefore, a
belongs to relint(M).
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2. It is tempting to think that Corollary 1 takes place in the infinite dimensional spaces, too.
Unfortunately, this is not the case even for Hilbert spaces as the following counterexample shows.
Let X be the Hilbert space of real sequences endowed with the l2-scalar product, and let M be
a convex compact set
M =
∞∏
k=1
[
−
1
k
,
1
k
]
. (17)
We take a = {ak}
∞
k=1 ∈ M , where ak =
1
k+1
. It is easy to construct a measure µn ∈ P(R)
with supp µn = [−1/k, 1/k] such that
1
k + 1
=
∫
[−1/k,1/k]
xµn(dx). (18)
Having done that, consider the product of measures
µ =
∞⊗
k=1
µk. (19)
One usually defines the product of measures on the product of spaces, having in mind the product
topology. However, this topology generates the same σ-algebra as the l2-norm topology. Thus, it is
clear that µ can also be seen as a Borel measure on the Hilbert space M .
The support supp µ of the measure µ is M , which we prove by reductio ad absurdum. Indeed,
let b ∈M , and suppose that µ(Uε(b)) = 0 for some ε > 0, where Uε(b) is a ball of radius ε centered
at b.
One can choose N such that ∑
k>N
4
n2
<
ε
2
. (20)
Next, one has
0 = µ
{
x ∈ X
∣∣∣∣∣
∞∑
k=1
(xn − bn)
2 < ε
}
≥ µ
{
x ∈M
∣∣∣∣∣
N∑
k=1
(xn − bn)
2 <
ε
2
}
=
N⊗
k=1
µk
{
x ∈M
∣∣∣∣∣
N∑
k=1
(xn − bn)
2 <
ε
2
}
.
(21)
The latter is clearly positive, which gives a contradiction. We conclude that supp µ = M .
Now, we prove that a is the barycenter of µ. Clearly, for any coordinate projector prk ∈ X
∗ one
has ∫
X
prkxµ(dx) =
∫
[−1/k,1/k]
s µk(ds) = ak = prka. (22)
Since {prk}
∞
k=1 form an orthogonal basis in X
∗, and since M is l2-bounded, one also arrives at∫
X
Λxµ(dx) = Λa (23)
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for all Λ ∈ X∗. Therefore, indeed a is the barycenter of µ.
Next, we recall that in infinite dimensional spaces the relative interior and relative algebraic
interior do not necessarily coincide (see [4]). However, from (15) and (16) one understands that the
former is a subset of the latter. Thus, it is sufficient to show that a does not belong to the relative
algebraic interior of M . We prove this claim, again, by contradiction.
Suppose that a ∈ core(M). Then the interval [0, a] can be prolonged beyond the point a
within M . In other words, there exist α > 0 such that (1 + α)a ∈M . The latter is equivalent to
−
1
k
≤ (1 + α)ak ≤
1
k
, k = 1, 2, . . . . (24)
Multiplying each part of the inequality by k + 1 and passing to the limit k →∞ yield
− 1 ≤ (1 + α) ≤ 1, (25)
which contradicts α > 0 and concludes the proof.
3. Now, we describe the set of the barycenters of the measures defined on the space of proba-
bility measures. Let K be a metric compact space and X = M(K) be a space of signed finite
Radon measures on K. By the Riesz–Markov theorem X can be identified with the topological
dual C∗(K) of the space C(K) of continuous functions on K. We endow C∗(K) with the weak-*
topology σ(C∗(K), C(K)). Having in mind the canonical embedding C(K) →֒ C∗∗(K), one can say
that this topology is the weakest topology which makes continuous all the functionals from C∗∗(K)
corresponding to the elements of C(K). This topology is locally convex as is the corresponding
topology on X . The restriction of the latter topology to the convex set M = P(K) ⊂ X of Radon
probability measures on K, produces the usual topology of weak convergence on M and, thus,
makes this set compact.
The barycenter µ ∈ X of the measure σ ∈ P(X) is, by definition,
µ =
∫
X
ν σ(dν), (26)
if the latter integral exists in the weak sense. That is, since (C∗(K))′ = C(K), where (·)′ is the
topological dual in the weak-* topology, µ is the barycenter of σ if and only if for every f ∈ C(K)
the following holds: ∫
K
f(x)µ(dx) =
∫
X

∫
K
f(x)ν(dx)

 σ(dν). (27)
Also, note
µ =
∫
suppσ
ν σ(dν), (28)
and, by Hahn–Banach theorem, one has µ ∈ co(supp σ).
The following result characterizes measures from X with support M .
Theorem 2. The set of barycenters of the measures from X with support M coincides with the set
of measures from M with support K.
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Proof. a) First, we prove that the barycenter of a measure from X with support M is a measure
from M with support K.
Take any σ ∈ P(X) such that supp σ = M , and let µ ∈ M be its barycenter. We prove that
the support supp µ is exactly K by contradiction.
Indeed, suppose this is not the case. Then there exist a continuous bounded function f ∈
Cb(K) such that f > 0 and ∫
K
f(x)µ(dx) = 0. (29)
Using (27) one gets ∫
M
∫
K
f(x)ν(dx)σ(dν) = 0. (30)
Therefore, via Markov inequality, one obtains
σ(Q) = 1, (31)
where
Q =

ν ∈M
∣∣∣∣∣∣
∫
K
f(x)ν(dx) = 0

 ⊂ supp σ. (32)
The set Q is clearly closed and of full measure. Hence, by definition of the support, Q =
supp σ = M . This leads to
f(x) = 0, x ∈ K, (33)
which contradicts the assumption f(x) > 0 on K and concludes the proof of the claim.
b) Now, assume that µ ∈M and supp µ = K. Let
A =
{
(a1, a2, . . .) ∈ [0, 1]
∞
∣∣∣∣∣ aj ≥ 0,
∞∑
j=1
aj = 1
}
(34)
be a closed set of [0, 1]∞ endowed with l1-norm. Since A is separable, there exist a Radon
probability measure λ on [0, 1]∞ with support A (e.g., see the proof of Theorem 1).
Let us also introduce the Radon probability measure λ × µ∞ = λ × ⊗∞j=1µk on A × K
∞ =
A×
∏∞
j=1Kj , where µk are copies of µ, and Kj are copies of K. It is easy to see that
supp λ× µ∞ = A×K∞. (35)
Indeed, for any open neighborhood U(c) of the point c = (ca; c1, . . .) ∈ A×K
∞, by definition of
the product topology, there exist an open set of the form Ua(ca)×
∏∞
j=1 Uj(cj), where Ua(ca) ⊂
A and Uj(cj) ⊂ Kj are open neighborhoods of ca and cj , respectively, such that Uj(cj) 6= Kj
only for finitely many j ∈ N. Then, for large enough N one has
(λ× µ∞)(U(c)) ≥ λ(Ua(ca))
N∏
j=1
µ(Uj(cj)) > 0, (36)
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which proves (35).
Next step is to define the map F : A×K∞ → M by
F (a1, . . . ; x1, . . .) =
∞∑
j=1
ajδxj . (37)
It is easy to show that F is continuous. Indeed, let a(n) → a∗ ∈ A in l1-norm, and x
(n) →
x∗ ∈ K∞ in the product topology. For every f ∈ C(K) we have
|F (a(n), x(n))− F (a∗, x∗)| ≤
∞∑
j=1
|a
(n)
j f(x
(n)
j )− a
∗
jf(x
∗
j )|
≤ sup
x∈K
|f(x)| ‖a(n) − a∗‖l1 +
∞∑
j=1
a∗j |f(x
(n)
j )− f(x
∗
j )| → 0,
(38)
where the latter term tends to zero thanks to the dominated convergence theorem.
Now, let us introduce the measure σ by
σ = (λ⊗ µ∞) ◦ F−1, (39)
which is readily verified to be a Radon probability measure.
This measure is supported on M . Indeed, for every open neighborhood U(ν) of ν ∈M , there
exist (a, x) ∈ A × K∞ such that F (a, x) ∈ U(ν), since it is known (e.g., see [1, Ex. 8.1.6])
that
F (A×K∞) = M. (40)
Consequently, thanks to F being continuous and due to (35), one has σ(U(ν)) > 0, and
thus supp σ =M .
It is left to check that the barycenter of σ is µ. By using (27), one can write∫
M
∫
K
f(x)ν(dx)σ(dν) =
∫
K∞
∫
A
∫
K
f(x)
∞∑
j=1
ajδxj (dx)λ(da)µ
∞(dx1, dx2, . . .)
=
∫
K
f(x)µ(dx),
(41)
where we used the definition (39) of σ and Fubini’s theorem. This means exactly
µ =
∫
M
ν σ(dν). (42)
As the final remark we point out that our proof relies heavily on the fact that K is compact.
However, barycenters are well-defined for a wider class of Radon probability measures (with finite
first moments). An open question of interest is to characterize such measures as well.
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